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Abstract
Using the AdS-CFT correspondence we calculate the two point function of CFT
energy momentum tensors. The AdS gravitons are considered by explicitely solving
the Dirichlet boundary value problem for x0 = ǫ. We consider this treatment as
complementary to exising work, with which we make contact.
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1 Introduction
In recent months much has been written about the so-called AdS-CFT correspondence. It
is a special case of the holographic connection between bulk and boundary theories [1] and
has attracted much attention because it presumably links two important theories, namely
Type IIB supergravity and the large N limit of N = 4 Super Yang Mills Theory [2]. The
principle behind this correspondence is most often stated as follows [3]:
ZAdS[φ0] =
∫
φ0
Dφ exp(−I[φ]) ≡ ZCFT [φ0] =
〈
exp
(∫
∂AdS
ddxOφ0]
)〉
. (1)
The path integral over AdS fields on the l.h.s. is calculated under the restriction that the
field φ satisfy a Dirichlet boundary condition on the boundary ∂AdS, and the corresponding
boundary value φ0 acts as a current coupling to the CFT field. The path integal is, of course,
redundant in the classical approximation.
However, the prescription (1) is not applicable as it stands, but must be ”regularized”.
The reason is that fields on anti-de Sitter space (except some notable exceptions) do not
extend to the boundary, which means that the Dirichlet boundary value problem is not well
defined. For regularization, one modifies the theory such that for any finite value of some
parameter ǫ the prescription be well defined and one takes the limit ǫ → 0 at the end.
One possible scheme, which has been shown to be consistent, is to shift the boundary to
the interior of the AdS bulk and shift it back after the calculations. For most calculations,
notably those of CFT three and higher point functions, which depend on the bulk rather than
only on the boundary behaviour of the AdS fields, the limit can be taken as an intermediate
step, which greatly simplifies the calculations. However, as was pointed out in [4], one must
strictly follow the regularization procedure for CFT two point functions in order for the
results to be consistent (Ward identities). A different method of regularization can be found
in [5, 6].
The regularization scheme described above has been consequently applied to the treat-
ment of scalar [7], vector and spinor [8], Rarita-Schwinger fields (gravitinos) [9], the trans-
verse traceless part of gravitons [10] and antisymmetric tensor fields [11]. Gravitons are one
of the ”notable exceptions,” where the limit can indeed be taken as an intermediate step also
when calculating the CFT two point function. They have been considered in [12] using this
fact. Despite our results being identical with those already known, we feel that a full treat-
ment of gravitons within this regularization procedure should complement the other fields.
Thus, we shall in this paper present our calculation of the two point function of CFT energy
momentum tensors, which couple to the AdS gravitons. We will work in the radiation gauge
hµ0 = 0 and use the time slicing formalism, which particularly suits the problem. Then, we
shall make contact with the existing work [12] by explicitely calculating the necessary gauge
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transformation.
The AdS-CFT correspondence is a field, where progress is being made quickly, as the
sheer number of recent articles shows. Let us therefore mention only a few. Two and three
point functions were calculated in [13, 3, 14, 7, 4, 12, 15, 8, 6, 16, 17, 9]. Contributions to
four point functions can be found in [7, 18, 19, 20, 21, 22].
2 Notations and Background
The representation of Euclidean anti-de Sitter space most often used in the AdS-CFT context
is the ”upper half space,” xi ∈ R (i = 1, . . . , d), x0 > 0, with the metric
ds2 = x−20 dx
µdxµ, (2)
where we sum over the indices µ = 0, 1, . . . , d. The natural boundary of this space is given
by x0 = 0, but in view of what we said above we shall consider the hypersurface x0 = ǫ as
the boundary and take the limit ǫ→ 0 at the end. We conveniently split up the coordinates
of AdSd+1 as x = (x0,x), where x has components x
i.
Given this notation, the idea of using the initial value formulation of gravity with the
time slices defined by x0 = const. hypersurfaces is very intriguing.
Thus, let us begin with a review of the basic geometric relations for immersed hyper-
surfaces [23]. Let a hypersurface be defined by the functions Xµ(xi) and let g˜µν and gij be
the metric tensors of the imbedding manifold and the hypersurface, respectively. Raising
and lowering of indices is, for the time being, performed covariantly using these metrics.
The tangents ∂iX
µ and normal Nµ of the hypersurface satisfy the following orthogonality
relations:
g˜µν∂iX
µ∂jX
ν = gij, (3)
∂iX
µNµ = 0, (4)
NµN
µ = 1. (5)
We shall in the sequel use a tilde to label quantities relating to the imbedding d+ 1 dimen-
sional manifold and leave those relating to the hypersurface unadorned. Moreover, we use
the symbol D to denote a covariant derivative with respect to whatever indices follow. Then,
there are the equations of Gauss and Weingarten, which define the second fundamental form
Hij of the hypersurface,
Di∂jX
µ ≡ ∂i∂jXµ − Γkij∂kXµ + Γ˜µλν∂iXλ∂jXν = HijNµ, (6)
DiN
µ ≡ ∂iNµ + Γ˜µλν∂iXλNν = −Hji ∂jXµ. (7)
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The second fundamental form describes the extrinsic curvature of the hypersurface and is
related to the intrinsic curvature by another equation of Gauss,
R˜µνλρ∂iX
µ∂jX
ν∂kX
λ∂lX
ρ = Rijkl +HilHjk −HikHjl. (8)
Using the Eqns. (6)-(8) one can show that the curvature R˜ can be written as
R˜ = R−HijH ij +H2 + 2Dµ (NνDνNµ −NµDνNν) , (9)
where H = H ii is the trace of the second fundamental form.
Let us consider the action [12, 10]
I = −
∫
dd+1x
√
g˜
[
R˜ + d(d− 1)
]
+
∫
ddx
√
g (2H + 2(d− 1)] . (10)
It consists of the Einstein-Hilbert action with a cosmological constant, the Gibbons-Hawking
term and a cosmological boundary term, which was justified in [12, 10]. Using Eqn. (9) one
realizes that the total derivative cancels the Gibbons-Hawking term. Moreover, converting
the cosmological boundary term into a bulk integral by inserting NµN
µ = 1 one arrives at
the expression
I = −
∫
dd+1x
√
g˜
[
R−HjiH ij +H2 + d(d− 1) + 2(d− 1)H
]
. (11)
The advantages of this representation of the action become pronounced when using the time
slicing formalism and working in radiation gauge hµ0 = 0.
In the time slicing formalism [24, 25] we consider the bundle of immersed hypersurfaces
defined by X0 = const., whose tangent vectors are given by ∂iX
0 = 0 and ∂iX
µ = δµi
(µ = 1, 2, . . . d). One conventionally splits up the metric as
g˜µν =
(
nini + n
2 nk
ni gik
)
, (12)
whose inverse is given by
g˜µν =
1
n2
(
1 −ni
−nk n2gki + nkni
)
(13)
and whose determinant is g˜ = n2g. The quantities n and ni are called the lapse function and
shift vector, respectively [25]. The normal vectors Nµ satisfying (4) and (5) are then given
by
Nµ = (−n, 0), Nµ = 1
n
(−1, ni), (14)
4
where the sign has been chosen such that the normals point outwards on the boundary (n > 0
without loss of generality). Then, using Eqn. (7) one obtains
Hij =
1
2n
(−Dinj −Djni + gij,0). (15)
The equations of motion for n and ni obtained from the action (11) are given by
R + d(d− 1)−H2 +HjiH ij = 0 (16)
and
DiH −DjHji = 0, (17)
respectively. However, these two equations represent only constraint equations in the initial
value formulation of gravity.
The time slicing formalism considered so far is very useful for our purposes when using
the radiation gauge hµ0 = 0, which directly translates into
n =
1
x0
, ni = 0. (18)
Then, the remaining physical degrees of freedom are the metric components gij. Writing as
usual
gij = g¯ij + hij, (19)
where g¯ij = x
−2
0 δij is the background metric, we shall use h
i
j = g¯
ikhkj as the graviton fields
and from now on raise and lower the latin indices with the Euclidean metric.
3 Free Gravitons and Two Point Function
Linearizing the constraint equations (16) and (17) one obtains the relations
✷h− ∂i∂jhij +
1− d
x0
∂0h = 0 (20)
and
∂0
(
∂ih− ∂jhji
)
= 0, (21)
respectively, where ✷ = ∂i∂
i. Substituting the gauge conditions (18) into the action (11)
and expanding to second order in hij one finds
I =
1
4
∫
dd+1xx1−d0
(
hkj,ih
j,i
k − h,ih,i − 2hkj,ihi,jk + 2h,ihi,jj + hij,0hji,0 − h,0h,0
)
. (22)
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Zeroth and first order terms do not appear. The equation of motion for hji derived from Eqn.
(22), suitably combined with the constraints (20) and (21) yields the equation
∂20h
i
j +✷h
i
j +
1− d
x0
∂0h
i
j −
1
x0
∂0hδ
i
j + ∂
i∂jh− ∂i∂lhlj − ∂j∂lhil = 0. (23)
The Eqns. (20), (21) and (23) are identical with the ones found by Arutyunov and Frolov
[10]. We shall now solve the Dirichlet boundary value problem of these Eqns. and use the
result to calculate the two point function of CFT energy momentum tensors.
Comparing the trace of Eqn. (23) with the constraint (20) yields the simple equation for
h,
∂20h−
1
x0
∂0h = 0, (24)
whose solution is given by
h =
1
2
(x20 − ǫ2)b(x) + a(x). (25)
Solving the constraint (21) one then obtains
∂jh
j
i =
1
2
(x20 − ǫ2)∂ib(x) + ai(x). (26)
Substituting Eqns. (25) and (26) into Eqn. (20) one finds
b =
1
d− 1(✷a− ∂
iai). (27)
Thus, writing
h =
x20 − ǫ2
2(d− 1)(✷a− ∂
iai) + a, (28)
∂jh
j
i =
x20 − ǫ2
2(d− 1)∂i(✷a− ∂
jaj) + ai, (29)
we have found the trace and divergence of hij as functions of their boundary values a = h|x0=ǫ
and ai = ∂jh
j
i |x0=ǫ.
We now substitute the solutions (25) and (26) into the equation of motion (23) and obtain
the inhomogeneous differential equation
∂20h
i
j +✷h
i
j +
1− d
x0
∂0h
i
j = δ
i
jb− ∂i∂ja + ∂jai + ∂iaj +
1
2
(x20 − ǫ2)∂i∂jb. (30)
The homogeneous part of Eqn. (30) is identical with the equation of motion of a massless
scalar field [7], whose solution we can take over. For the particular solution we make the
ansatz
h
(p)i
j (x) =
1
2
(x20 − ǫ2)cij(x) + dij(x) (31)
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and obtain
cij =
∂i∂j
✷
b (32)
and
dij = δ
i
j
1
✷
b− ∂
i∂j
✷
a +
∂j
✷
ai +
∂i
✷
aj + (d− 2)∂
i∂j
✷2
b. (33)
Taking the trace and divergence of the particular solution (31) and comparing with Eqns.
(25) and (26) one finds h(p) = h and ∂jh
(p)j
i = ∂jh
j
i , respectively, which means that the
homogeneous solution of Eqn. (30) must be traceless and transversal. Combining the homo-
geneous and inhomogeneous solutions and using the relations (32), (33) and (27) we finally
obtain the free graviton field in radiation gauge,
hij(x) =
∫
ddk
(2π)d
e−ik·x
[
¯ˆ
hij
(x0
ǫ
) d
2
K d
2
(kx0)
K d
2
(kǫ)
− x
2
0 − ǫ2
2(d− 1)
(
kikjhˆ− k
ikjk
kkl
k2
hˆlk
)
+
kjk
l
k2
hˆil +
kikl
k2
hˆlj −
kikjk
kkl
k4
hˆlk +
1
d− 1
(
δij −
kikj
k2
)(
hˆ− k
kkl
k2
hˆlk
)]
, (34)
where hˆij(k) is the Fourier transform of the boundary data h
i
j |x0=ǫ. Moreover, setting x0 = ǫ
in Eqn. (34) one finds
¯ˆ
hij = hˆ
i
j −
kjk
l
k2
hˆil −
kikl
k2
hˆlj +
kikjk
kkl
k4
hˆlk −
1
d− 1
(
δij −
kikj
k2
)(
hˆ− k
kkl
k2
hˆlk
)
, (35)
which is the traceless transversal part of hij in momentum space [10].
Let us continue by calculating the two-point function of the CFT energy momentum
tensor T ji (x), which couples to h
i
j on the boundary. We shall be interested in its non-local
parts only. First, using the equations of motion (23) the action (22) takes the value
I =
1
4
∫
ddx ǫ1−d
(−hji∂0hij + h∂0h) , (36)
which tells us that the normal derivative of the field on the boundary, ∂0h
i
j |x0=ǫ, contains all
the information needed. From Eqn. (34) one finds
∂0h
i
j|ǫ =
∫
ddk
(2π)d
e−ik·x
[
¯ˆ
hij
k
ǫ
d
dk
ln
(
(kǫ)
d
2K d
2
(kǫ)
)
− ǫ
d− 1
(
kikj hˆ− k
ikjk
kkl
k2
hˆlk
)]
. (37)
Taking the trace of Eqn. (37) one realizes that ∂0h|ǫ is a local expression and thus the
corresponding term in Eqn. (36) does not contribute to the non-local part of the two-point
function. We now expand the modified Bessel function using the formula [26]
zαKα = 2
α−1Γ(α)
[
1 +
z2
4(1− α) −
Γ(1− α)
Γ(1 + α)
(z
2
)2α
+ · · ·
]
, (38)
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where the ellipsis indicates either terms of order z4 and higher, which yield local terms in
the integral (37) as well as terms of order z2α+2 or higher, which are negligible in the ǫ→ 0
limit. In contrast to the scalar and vector fields [7, 8] we have to keep the z2 term, which
gives a nonlocal contribution together with the k−4 term contained in
¯ˆ
hij . However, one finds
that this term cancels the nonlocal term proportional to ǫ in Eqn. (37). Hence, neglecting
all local terms we find
∂0h
i
j |ǫ =
∫
ddy hrs(y)
∫
ddk
(2π)d
e−ik·(x−y)
(
−ǫd−12−ddΓ
(
1− d
2
)
Γ
(
1 + d
2
)kd
)
×
[
1
2
δirδ
s
j +
1
2
δisδjr − kjk
s
2k2
δir −
kjkr
2k2
δis − k
ikr
2k2
δsj −
kiks
2k2
δjr
+
d− 2
d− 1
kikjk
skr
k4
+
1
d− 1
(
−δijδsr +
krk
s
k2
δij +
kikj
k2
δsr
)]
.
(39)
Finally, carrying out the k integration and substituting the result into Eqn. (36) yields
I = −κd
4
∫
ddxddy
hji (x)h
r
s(y)
|x− y|2d
[
1
2
(
J ir(x− y)Jsj (x− y) + J is(x− y)Jjr(x− y)
)− 1
d
δijδ
s
r
]
,
(40)
where we introduced
J ij(x) = δ
i
j − 2
xixj
x2
(41)
and
κ =
d+ 1
d− 1
Γ(d)
π
d
2Γ
(
d
2
) . (42)
From Eqn. (40) we can read off the two-point function
〈
T ij (x)T
s
r (y)
〉
=
κd
2|x− y|2d
[
1
2
(
J ir(x− y)Jsj (x− y) + J is(x− y)Jjr(x− y)
)− 1
d
δijδ
s
r
]
,
(43)
which is just as expected and coincides with the one found by Liu and Tseytlin [12].
4 Transformation to de Donder Gauge
Having found the free graviton field in radiation gauge, it is in principle straightforward
to obtain solutions in any other gauge, the covariant gauges being particularly important.
Performing a gauge transformation
h′
µ
ν = h
µ
ν +∇µξν +∇νξµ, (44)
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where∇ is the covariant derivative with respect to the background metric, we want to impose
the de Donder gauge condition
∇µ
(
h′
µ
ν −
1
2
δµνh
′
)
= 0, (45)
which is the standard gauge when dealing with linearized gravity. Eqns. (44) and (45) imply
that we have to solve the inhomogeneous differential equation
∇µ∇µξν + R¯µν ξµ = −∇µhµν +
1
2
∂νh, (46)
with the boundary condition ξµ|x0=ǫ = 0 in order to preserve the boundary data of the
graviton field. In Eqn. (46) R¯µν is the background Ricci tensor. Keeping in mind that h
µ
ν is
in radiation gauge, Eqn. (46) reads for the AdS background
x20(∂
2
0 + ✷)ξ0 + (3− d)x0∂0ξ0 − (3d− 1)ξ0 + 2x0∂iξi =
1
2
∂0h− 1
x0
h, (47)
x20(∂
2
0 +✷)ξi + (3− d)x0∂0ξi − 2dξi − 2x0∂iξ0 =
1
2
∂ih− ∂jhji . (48)
Going into momentum space and using the solution (34) we find the particular solution of
Eqns. (47) and (48) as
ξ
(p)
0 (k, x0) =
1
2(d− 1)x0
(
hˆ− k
ikj
k2
hˆji
)
(49)
and
ξ
(p)
i (k, x0) =−
i
k2x20
(
kjhˆ
j
i −
kik
jkl
k2
hˆlj
)
+
iki
2(d− 1)k2x20
(
hˆ− dk
jkl
k2
hˆlj
)
+
iki
4(d− 1)
(
hˆ− k
jkl
k2
hˆlj
)(
1− ǫ
2
x20
)
.
(50)
The terms in Eqn. (50) have been arranged such that the first and second terms are transver-
sal and longitudinal, respectively, and the third term vanishes on the boundary. It is inter-
esting to note that, after a gauge transformation using ξ
(p)
µ , only the traceless transversal
part of hij survives, while the components h
0
µ remain zero. Thus, we found a graviton solution
satisfying the traceless transversal gauge [24], but this solution does not solve the Dirichlet
boundary value problem, because also its boundary values are constrained to be traceless
and transversal.
Turning to the homogeneous part of the Eqns. (47) and (48) we realize that there exists
a solution with ξ0 = 0 and k
iξi = 0. Hence, the coefficient of this solution must be chosen
such that it cancels the first term on the r.h.s. of Eqn. (50) on the boundary. On the other
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hand, the homogeneous solutions containing the longitudinal part of ξi must cancel ξ
(p)
0 and
the second term on the r.h.s. of Eqn. (50) on the boundary. Skipping the details we find
ξ
(h)
0 (k, x0) =Ax
d
2
0K d
2
+1(kx0) +B
[
1
k
x
d
2
0Kβ+1(kx0)−
d
2
+ β
k2
x
d
2
−1
0 Kβ(kx0)
]
(51)
and
ξ
(h)
i (k, x0) =
i
x20k
2
(
kjh
j
i −
kik
jkl
k2
hlj
)(x0
ǫ
)d
2
+1 K d
2
+1(kx0)
K d
2
+1(kǫ)
+ A
iki
k2
[
kx
d
2
0K d
2
(kx0) + dx
d
2
−1
0 K d
2
+1(kx0)
]
+B
iki
k2
x
d
2
0Kβ(kx0), (52)
where β =
√
d2/4 + 2d. The coefficients A(k) andB(k) are uniquely determined by requiring
that ξ
(p)
0 and the second term on the r.h.s. of Eqn. (50) be cancelled on the boundary.
Let us look at the bulk behaviour of the transformed field h′µν . In order to obtain it, we
need first to determine A and B in the limit ǫ→ 0. Using the requirement stated above and
the leading order behaviour of the modified Bessel functions K(kǫ) one obtains
A|ǫ→0 = − (k/2)
d
2
+1
(d− 1)Γ(d/2 + 1)
(
hˆ
d
− kik
j
k2
hˆij
)
, (53)
B|ǫ→0 = − ǫ
β− d
2kβ+2hˆ
2βd(β − d/2)Γ(β) . (54)
However, since β > d/2, we can set B = 0 in the transformed field. Hence, substituting
Eqns. (49), (50), (51), (52), (53) and B = 0 into Eqn. (44) one finds after integration
h′
bulkµ
ν (x) =
∫
ddy
κxd0
(x20 + |x− y|2)d
Jµk (x− y)J lν(x− y)P kjli hij(y), (55)
with the traceless projector
P kjli =
1
2
(
δki δ
j
l + δ
kjδli
)− 1
d
δkl δ
j
i . (56)
Obviously, Eqn. (55) represents the result found by Liu and Tseytlin [12].
5 Conclusions
We have considered the free graviton on AdS background and explicitely solved the Dirichlet
boundary value problem. We took care to carefully follow the regularization procedure and
thus took the limit ǫ→ 0 at the end of the calculation of the CFT two point function. Our
results coincide with earlier results by Liu and Tseytlin [12] as expected. The hµ0 = 0 gauge
seems to be useful also for interacting fields [22]. Thus, we hope that our lengthy explanation
of the geometric basics will contribute to the understanding of these cases.
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